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Introduction

T HE discovery of periodic cruise trajectories for hypersonic
� ight has evolved from extensiveanalyticaland computational

optimization studies performed to determine possible trajectory
types that could achieve better fuel consumption savings. With this
goal in mind, severalresearchershavefoundsuboptimalandoptimal
periodiccruise trajectoriesthat achievebetter fuel consumptionsav-
ings between two destinations over steady-state cruise for a single
period.Results fromthesepast studiessuggestthat fuel consumption
savings of 8 to 45% (Refs. 1–6) are possible over a single period.
The large difference comes from the use of damped periodic tra-
jectories as compared to purely periodic trajectories.5 However, to
achieve long-range � ight, multiple periods will be required. Thus,
the question that arises is how does the large performance bene� t
of damped periodic hypersonic cruise trajectories over a single pe-
riod vary for multiple periods, as compared to steady-state cruise
and purely periodic cruise. The purpose of this Note is to examine
this performance by optimizing each period of the trajectory after
applying various types of boundary conditions.
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Table 1 Assumptions for performance comparisons

Parameterized
altitudes Comments

Method 1
Eq. (1) AOA continuity
Eq. (2) Initial and � nal energy ratios

are equivalent

Method 2
Eq. (1) AOA continuity
Eq. (3) Initial and � nal energy ratios

are equivalent

Method 3
Same as method 1 AOA continuity, initial energy ratio equal

to optimal steady-state energy ratio

Parameterized Altitude Pro� les
Because periodic hypersonic � ight trajectories appear to exhibit

harmonicbehavior,a parameterizedform of the altitudepro� le con-
sisting of only a few harmonics can come quite close to capturing
the salient features of the optimal trajectory. Because these har-
monics are de� ned by constants, a suboptimal solution is possible
by simply determining the parameters of the altitude pro� le. This
results in less computational effort than a complete optimization
of the minimum fuel-consumption rate two-point boundary value
problem (TPBVP). The details of this optimization can be found in
work done by Chuang and Morimoto4 and von Eggers Rudd, et al.5

For multiple periods, an optimization over the complete range of
periods would be desirable, but would be complicated and compu-
tationally intensive. In the present work, the periods are optimized
one at a time and the solutions pieced together. Five methods are
evaluated for a variety of parameterized altitude pro� les. Each of
these methods are described hereafter and summarized in Table 1.

Method 1
The � rst method for a long rangeenforcesthe states to be continu-

ousat eachperiod’s boundary.This producesa realistic� ight pro� le.
For steady-state cruise, only Mach number and initial altitude need
to be optimized (this steady-state optimization holds for all meth-
ods). Periodic hypersonic cruise uses the altitude parameterization
given by

h = ha cos(2 p / r f )r + hb cos(4p / r f )r + hc (1)

For the � rst period, the variables to be optimized include the har-
monic constantsha , hb , and hc; the initialMach number M0; throttle
on ru ; throttle off rd ; and � nal range r f to minimize the cost function
given in Eq. (4). For each period thereafter, only ru , rd , and r f are
optimized so that the initial and � nal states are always equivalent.

The damped periodic optimization uses an altitude pro� le as a
function of range r given by5

h = exp[ ¡ g (r / r f )][ha cos(2p / r f )r + hb cos(4 p / r f )r] + hc (2)

Variables to be optimized for the � rst period include ha , hb , hc , Mo ,
ru , rd , r f , and the damping term g . Beyond the � rst period, only
ru and rd are optimized. The variable r f must stay constant over
multiple periods if continuity of angle of attack (AOA) is desired.

Method 2
As damped periodic trajectoriespropagateover long ranges, they

will eventuallydamp out to a mean steady-statecruise altitude.The
altitude parameterizationgiven by Eq. (2) enforces the steady-state
altitude given by hc . This altitude, however may not be the optimal
steady-statealtitude.Therefore, a new parameterizationis used that
allows an exponentialdamping of the sinusoid trajectoryalong with
a new exponential term on the steady-state altitude variable. This
parameterization takes the form

h = exp[ ¡ g 1(r / r f )][ha cos(2p /r f )r + hb cos(4 p / r f )r]

+ exp[ ¡ g 2(r / r f )]hc + hd (3)

Using this new altitude parameterization, the damped periodic
trajectories are optimized like method 1, maintaining continuity of
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the states, with the additional damping term g 2 and harmonic co-
ef� cient hd terms added as design variables for the � rst period.
Pure periodic and steady-state trajectories are exactly the same as
method 1.

Method 3
Alluding back to the argument that damped periodic trajectories

dampout to steady-statetrajectoriesthatmay notbeoptimal,another
strategy is used. Instead of using a new altitude parameterization,
the constraint that the initial kinetic energy (KE) to potential energy
(PE) ratio for the damped periodic trajectories be the same as the
resulting optimal steady-state ratio from method 1. This ratio has
a value of KE/PE =0.1888. Aside from this additional constraint,
the optimization of damped periodic trajectories follows the same
methodology as method 1. Pure periodic and steady-state trajecto-
ries are also the same as method 1.

Fig. 1 Range-average fuel consumption vs range.

Fig. 2 Altitude vs range for various trajectories.

Vehicle Dynamic Model
The equationsof motion used are for � ight in a vertical planeover

a nonrotatingsphericalEarth with range as an independentvariable.
The nonlinear equations of motion are summarized in Chuang and
Morimoto4 and von Eggers Rudd et al.5 The vehicle model used is
the same as that studiedby ChuangandMorimoto,4 which is a modi-
� edversionHL-20 spaceplane.The aerodynamicandenginemodels
use curve � tted data taken from the available spaceplane literature.4

Optimization
Cost Function

The function that is minimized is the range averaged fuel con-
sumption rate. Mathematically, this equation is expressed as4

J =
1
r f

Z r f

0

T

gIspMa cos c

³
1 +

h

Ro

´
dr (4)
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Fig. 3 Heating rate vs range for various trajectories.

where Ro is the mean radius of the Earth. This cost function is used
for all cases except for the steady-stateconstant mass problem. For
this case, an instantaneous fuel consumption rate is used:

J = (T / gIspMa)[1 + (h / Ro)] (5)

Optimizer
The parameter optimization is done with the Design Optimiza-

tion Tools (DOT) software package.7 A detailed explanationof this
optimizer can be found in the DOT users manual.7

Optimization Results
Nine periods were optimized for the steady-state and damped

periodic hypersoniccruise trajectories.This correspondedto a total
rangeof 11,374km. Similarly, the purelyperiodichypersoniccruise
trajectorieswere also optimized for nine periods correspondingto a
range of 11,440 km. Figure 1 displays a plot of the range-averaged
fuel-consumptionsavingsvs range for all three methods considered
in this study. Notice that damped periodic hypersonic cruise trajec-
tories are more ef� cient up to period four. Beyond this point, purely
periodic cruise trajectories are more ef� cient.

The poor performance of the damped periodic cruise trajectories
beyondperiod four can be explainedby examining the choice of pa-
rameterizations and constraints used in the optimization. Figure 2
displays a plot of altitude vs range for steady-state cruise, purely
periodic cruise, and damped periodic cruise for two different pa-
rameterizations (methods 1 and 3). Notice that the optimal mean
steady-state altitude constant hc is inconsistent with the mean al-
titude of the damped periodic cruise trajectories. This implies that
when thedampedperiodiccruise trajectoriesreach steady-statecon-
ditions, more energy is required to maintain this higher mean alti-
tude. Method 3 attempts to address this issue by insuring that the
damped periodic solutionsasymptoticallyapproach the steady-state
cruisemean altitudeby the ninth period. Indeed, the multiple-period
result for this parameterization follows a smooth curve toward the
steady-statecruise fuel consumption.A better approach might be to
choose a value of the fuel-consumptionsavingsdesiredat the end of
a long-range � ight. This may force the damped periodic solutions
to adjust to meet these � nal end conditions.

Figure 3 displays heating rates, respectively, for the steady-state,
purely periodic, and damped periodic trajectories. Notice that the
suboptimal damped periodic solutions lead to lower heating rates.
These properties are important for actual vehicle performance and
thermal protection system sizing.

Summary and Conclusions
Previous research has demonstrated that damped periodic hy-

personic cruise trajectories have superior fuel-consumption sav-
ings over steady-state cruise and periodic trajectories for a sin-
gle period. This work has investigated whether damped periodic
hypersonic cruise trajectories exhibit the same performance over
multiple periods required for long-range � ight. Preliminary results
suggest that for the altitude parameterizations considered in this
study, damped periodic hypersonic cruise trajectories exhibit bet-
ter fuel-consumption savings over the � rst few periods of a long-
range trajectory. However, beyond the fourth period of a long-
range hypersonic � ight, purely periodic solutions achieve better
fuel-consumption savings. Optimization results also suggest that
there is an optimal tradeoff between energy dissipation through a
nonisothermal atmosphere and fuel-consumption savings for mul-
tiple periods. A better understanding of the vehicle/atmospheric
interactions will possibily enhance fuel-consumption savings for
damped periodic hypersonic trajectories. The major disadvantage
of this work is that the optimization is conducted in a piecewise
manner. Therefore, a full TPBVP optimizationwill have to be com-
pleted to determine whether periodic, damped periodic, or a com-
bination of the two achieves better long-range fuel-consumption
savings.
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